We study solutions for the one-dimensional problem of the Green-Lindsay and the Lord-Shulman theories with two temperatures. First, existence and uniqueness of weakly regular solutions are obtained. Second, we prove the exponential stability in the Green-Lindsay model, but the nonexponential stability for the Lord-Shulman model.
Introduction
The usual theory of heat conduction based on Fourier's law implies the instantaneous propagation of heat waves. This fact is not well accepted from the viewpoint of physics because it contradicts the causality principle. Accordingly, a big interest has been developed to propose alternative constitutive equations to the Fourier law. We recall the classical formulations of Lord-Shulman [9] and GreenLindsay [5] , which are based on the Cattaneo-Maxwell theory heat conduction. This is the case when the heat equation is hyperbolic.
Thermoelasticity with two temperatures is one of the non-classical theories of thermomechanics of elastic solids. The main difference of this theory with respect to the classical one is in the thermal dependence. The theory was proposed by Chen, Gurtin and Williams (see [1] , [3] , [6] ) and several authors have dedicate its attention to this problem (Ieşan [7] , Chen et al. [2] , [16] , Quintanilla [11] , [12] , among others). In this paper where elastic effects are taken into consideration we deal with the two models proposed by Youssef [18] . They correspond to the two-temperature modifications of the GreenLindsay and Lord-Shulman theories. Uniqueness and instability of solutions was obtained in [10] .
First, the well-posedness will be proved in spaces with only combined, hence less regularity than known for the classical single-temperature case. Then we prove that the solutions uniformly decay exponentially or the Green-Lindsay theory, but the decay is slow -not exponential -for the LordShulman case. This is a surprising aspect of this paper providing another interesting example for a situation where the change from Fourier's to Cattaneo-Maxwell's law leads to a loss of exponential stability, cp. [14] for the classical exponentially stable single-temperature case, and [4, 13, 15] for other examples of loss of exponential stability for plates or Timoshenko type models.
The one-dimensional system of equations that governs the deformations of a centrosymmetric thermoelastic material in the theory of Green and Lindsay with two temperatures is
Here, u is the displacement, θ is the temperature and φ is the conductive temperature, ρ is the mass density and a, α, h, d, µ, m and k are constitutive constants. We will assume
In fact, the last inequality is a consequence of the entropy inequality of Green and Lindsay (see [5] ). We study the solutions of the system (1.1) in B × J, where B = [0, π] and J = [0, ∞). We assume the homogeneous Dirichlet boundary conditions
together with the initial conditions
We consider the isomorphisme Id − mk∆:
and take values in L 2 . We denote by Φ(θ) = φ the inverse operator. In view of the boundary conditions, we have
The one-dimensional system of equations that governs the deformations of a thermoelastic material in the theory of Lord and Shulman with two temperatures is
, together with the boundary conditions (1.3) and initial conditions (1.4). For the coefficients we assume
Section 2 is devoted to the Green-Lindsay theory with two temperatures. We prove the existence and uniqueness of solutions as well as exponential stability of solutions. Section 3 has a similar structure, but for the Lord-Shulman theory with two temperatures. Here, however, we prove the maybe unexpected slow, non-exponential decay of the solutions.
Green-Lindsay theory
We write the system (1.1) as
and (1.1) 3 . We denote by H the Hilbert space
with inner product
We define
where D denotes the derivative with respect to x. (1.1) does not provide regularity for ψ, θ, therefore the term µu xx + a(θ x + αψ x ) in (2.1) has to be interpreted as D(µu x + a(θ + αψ)). Separate regularity like u xx , θ x , ψ x ∈ L 2 (B) is not available.
Our problem can be written as the following Cauchy problem in the Hilbert space H:
where ω = (u, v, θ, ψ). The domain D of A is the set of ω ∈ H such that Aω ∈ H. It is a dense subspace of H.
Existence and uniqueness of solutions
Theorem 2.1 A is dissipative, and Range (A) = H.
Proof. We have the dissipativity by observing
where v := f 1 , ψ := f 3 , and As a consequence of Theorem (2.1) and the Lumer-Phillips corollary to the Hille-Yosida Theorem [8] we obtain the well-posedness.
Theorem 2.2
The operator A generates a contraction semigroup {e tA } t≥0 , and for ω 0 ∈ D there exists a unique solution
Exponential decay
To prove the exponential stability of the solutions we use the following characterization, going back to Gearhart, Huang and Prüß, see [8] .
Theorem 2.3 Let {e tA * } t≥0 be a C 0 -semigroup of contractions generated by the operator A * in the Hilbert space H * . Then the semigroup is exponentially stable if and only if iR ⊆ (A * ) (resolvent set) and
Theorem 2.4 A generates a semigroup which is exponentially stable.
Proof. Since 0 ∈ (A), following the arguments in ( [8] , p. 25), we assume that the imaginary axis is not contained in the resolvent set. Then there exists a real number = 0 with ||A −1 || −1 ≤ | | < ∞ such that the set {iλ, |λ| < | |} is in the resolvent of A and sup{||(iλI − A) −1 ||, |λ| < | |} = ∞. Therefore, there exists a sequence of real numbers λ n with λ n → , |λ n | < | | and a sequence of unit vectors ω n = (u n , v n , θ n , ψ n ) in the domain of the operator A such that
(2.14)
Considering the inner product of (iλ n I − A)ω n times ω n in H and then taking its real part yields ||ψ n || → 0, ||φ n,x || → 0 and ||φ n,xx || → 0 in L 2 . From equation (2.13), ||θ n || → 0 in L 2 . Taking into account that Φ(θ) = φ, and removing from (2.14) the terms that tend to 0, we get that iψ n − a hλn Dv n → 0. Multiplying (2.12) by ρ λn v n we obtain
Thus, ||v n || 2 → 0. The next step is to multiply (2.12) by u n and, since Du n is bounded, we get ρ iλ n v n , u n + µ||Du n || 2 → 0. Using (2.11), −ρ||v n || 2 + µ||Du n || 2 → 0 and then, ||Du n || 2 → 0. Finally, Du n → 0 in L 2 . These behaviors contradict the hypothesis that ω n has unit norm. Now, (2.9) is proved by a similar argument. If is is not true, there exist a sequence λ n with |λ n | → ∞ and a sequence of unit norm vectors ω n = (u n , v n , θ n , ψ n ) in the domain of the operator A such that (2.10) holds. We can now follow the arguments used previously when (λ n ) n is bounded.
Lord-Shulman theory
We re-write (1.6) as a first order system
and (1.1) 3 .
In analogy to Section 2, we denote by H 1 the Hilbert space
where I is the identity operator and D denotes the derivative with respect to x.
Our problem can be transformed in the following Cauchy problem in the Hilbert space H 1 : Now we prove the interesting fact that the system, now for the boundary conditions
instead of (1.3) is not exponentially stable. The existence and uniqueness is obtained for these boundary conditions in a similar way, but it is easier accessible with the method used below. To exclude trivial non-decaying solutions we assume π 0 φ(x, 0) dx = π 0φ (x, 0) dx = 0. Taken into account (1.6) 3 , θ = φ − mkφ xx , the system (1.6) can be written as follows:
(3.7)
Theorem 3.2 The corresponding semigroup is not exponentially stable.
Proof. We will see that, for all sufficiently small > 0, there exist solutions of the form u(x, t) = K 1 exp(ωt) sin(nx), φ(x, t) = K 2 exp(ωt) cos(nx), (3.8) such that Re(ω) > − . This will prove that we do not have uniform exponential decay of the system. Suppose that u and φ are as in (3.8) . Then, replacing them in (3.7), the following linear and homogeneous system in the unknowns K 1 and K 2 is obtained: 
